Abstract. Kaneko gave a closed formula for the Fourier coefficients of the elliptic modular function j (τ ) expressed in terms of traces of singular moduli. We give analogues of his formula in higher-level cases.
Introduction
Let j (τ ) be the elliptic modular function, which is holomorphic in the upper half-plane H, invariant under the usual action of the full modular group := PSL 2 (Z), and has a simple pole at the cusp i∞. The function j (τ ) has a Fourier expansion of the form This theorem is a consequence of the following fundamental result of Zagier. 
where 
In addition we set t 
Main results
The functions j 2 (τ ) and j * 2 (τ ) can be described by means of Dedekind η-functions, i.e.
These coefficients can be expressed in terms of the modular trace function t(d).
By using the second formula of Theorem 4.1 in Section 4, the formula can also be written as c (2) 
Example 2.1. We have the following examples: For any n ≥ 1, we have
This can also be written as follows with the aid of the second formula of Theorem 4.1:
Example 2.2. We have the following examples:
Moreover, c (2) n and c 
and when n is even ≥ 2, we have
Example 2.3. We have the following examples:
Example 2.4. We have the following examples: 
2.2.
0 (4), 0 (4) * case
The functions j 4 (τ ) and j * 4 (τ ) can be described by means of Dedekind η-functions, i.e.
Example 2.5. We have the following examples:
We can also write this formula in the following form by using the second formula of Theorem 4.1: 
0 (3) case
The function j 3 (τ ) can be described by means of Dedekind η-functions, i.e.
We obtain the following partial result concerning the expression of the coefficients of j 3 (τ ) in terms of the modular trace function t 
Proof of theorems

Jacobi forms
To prove theorems we first recall some basic facts on Jacobi forms. A (holomorphic) Jacobi form on is defined to be a holomorphic function φ : H × C → C satisfying the two transformation equations
and having a Fourier expansion of the form
c(n, r)q n ζ r (q = e 2πiτ , ζ = e 2πiz ).
Here k and N are positive integers called the weight and index of φ, respectively. The coefficient c(n, r) depends only on 4Nn − r 2 and on r (mod 2N) (see [ 
1, Theorem 2.2]).
If we relax the holomorphy condition 4Nn − r 2 ≥ 0 to n ≥ 0, we obtain a weak Jacobi form. 
where θ 0 (τ ) = n∈Z q n 2 , and U 4 is the operator b n q n → b 4n q n , which sends a modular form to a modular form of the same weight (but possibly on a different group). This form is of weight two, and, as can be detected from the calculation of first sufficiently many Fourier coefficients, is identical to 
). Equating coefficients of both sides, we have
From the fact that t(n − r 2 ) = 0 for n ≡ 2 (mod 4) and the second formula of Theorem 4.1 in the next section, we have r∈Z t(2n − r 2 ) = 0. Hence, (−1) n+1 r∈Z t(n − r 2 ) = r∈Z t(n − r 2 ). Combining this with formula (1), we obtain the desired formula.
2
To prove Theorem 2.2, we need the following lemma.
is the simultaneous eigenform for all Hecke operators, we have
This gives 1 2
and, thus,
Hence, we have
Equating coefficients of both sides, we obtain the desired formula. 
2 (d) satisfy the following formula [4] : t (2 * )
So we have
Using the formula
Hence, g 
This form is of weight two and, as can be detected from the calculation of first several Fourier coefficients as before, is identical to In this section we prove Theorems 2.5 and 2.6 for 0 (4) and 0 (4) * .
Proof of Theorem 2.5. Consider the modular form
This form is of weight two and, as can be detected from the calculation of first sufficiently many Fourier coefficients, is identical to
Equating coefficients of both sides, we obtain the desired formula. 2
To prove Theorem 2.6, we need the following lemmas.
LEMMA 3.3. We have
,
Proof. These can be shown in a standard manner (cf. [5, III §3, Problems 8, 10, 11, 17]) and we omit the detail here. 2
n . Proof. By using the equations of Lemma 3.3, we have
0 (3) case
In this section we give the proof of Theorem 2.7.
Proof of Theorem 2.7. Let f (τ ) = a n q n . We definẽ
where ζ 3 = e 2πi/3 . Then their Fourier expansions are of the formsf 1 (τ ) = n≡1(3) a n q n andf 2 (τ ) = n≡2(3) a n q n . Let g (3 * )
where
Now consider the modular formsF 1 (τ ) andF 2 (τ ) obtained from F (τ ). These forms are of weight two and, as can be detected from the calculation of first several Fourier coefficients, are identical toG 1 (τ ) and 1 2G 2 (τ ) obtained from G(τ ), respectively. Equating coefficients of both sides, we obtain the desired formulas. 
Values of t(d)
The numbers t(d) satisfy the following recursion formula. This is due to Zagier. Table 1 .
Values of t (2 * )
(d) and t (2 * )
(d)
The numbers t Rewriting the formulas (10), (8), (4) and (3) Table 3 .
